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If p(x, y) is continuous in 0, then p(x, y) is said to be of class PZ, [2] 
in O provided (i) p(x, y)*zO and (ii) log p(x, y) is subharmonic wherever p(x, y)? é 0. If p(x, y)^0 and is continuous along with its partial derivatives of the second order, then p(x, y) is of class PL if and only if pAp-p£ -p$ ^0 wherever p(x, y) 7*0.
Beckenbach [l] has proved the following theorem characterizing functions of class PL. THEOREM 1 The numbers in square brackets refer to references listed in bibliography at end of paper. PROOF. We shall show Av(x, y) èO. From the hypothesis, it follows that $(v; a, /?; x, y) has a non-negative Laplacian, that is,
A. If p(x> y)^0 in <D, then p(x, y) is of class PL in O if
, for all real a, /3. Let (xo, yo) be a point of D. We distinguish two cases, (a) vi +v£ 5*0 at (#o, yo). Then it is sufficient to choose where C(x, y ; r) is the boundary of D(x, y;r), then the theorem is, the following. Necessity. A proof of the necessity part may be given that parallels Beckenbach's proof of his theorem; indeed, the only change would be to use the more general Holder inequality where Beckenbach uses the Schwarz inequality. It is to be noted that the hypothesis on the existence of any derivative of p(x, y) is superfluous here.
THEOREM D. If p(x, y) is continuous and if p(x, y) è>0 in D, then p(x, y) is of class PL in D if and only if, for every continuous f unction q(x, y) of class PL in O, the inequality
Sufficiency. -2ppp y + pAp + (2a -2)(p x + p y ), which must hold for all real constants a, j8. Hence the discriminant of the right-hand member of (5) must satisfy 0 S (2b -l) 2 
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The usual averaging process does not appear to be adaptable to the lessening of differentiability conditions in Theorems B, C and E.
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